are not very different. The first-mentioned observation proves th a t the electron mobility in deuterium is slightly lower than in hydrogen and the second shows th a t the mobility of the positive deuterium ions is also lower th an the mobility of mole cular hydrogen ions. I f the curves coincided the mobility of deuterium would be half of th a t of hydrogen. Actually it has been observed to be about 0*7 (Bennet & Thomas 1942 jets of turbulent fluid is more convenient for following the physical processes in the wake, the alternative but equivalent description that the turbulent motion consists of a motion of scale small compared with the mean flow superimposed on a slower turbulent motion whose scale is large compared with the mean flow may be used. A formal explanation of this twostage turbulent structure in terms of the Fourier representation of the velocity field is sug gested, which relates the structure to the presence of a quasi-constant source of energy of nearly fixed wave-number, and to the free boundary which allows an unlimited range of wave-numbers. It is expected that this type of motion will occur in all systems of turbulent shear flow with a free boundary, such as wakes, jets and boundary layers.
INTRODUCTION
Recent developments of the statistical theory of isotropic turbulence have made possible a reasonable and consistent explanation of the phenomena attending decay of the turbulent flow produced behind a uniform mesh placed in a constant velocity air-stream. At any moment, the turbulent flow is considered to be in a statistical equilibrium, established by the continuous transfer of energy from large eddies to smaller eddies. When this process is in moving equilibrium, then predictions of the form of the energy decay law, of the spectrum function and of the correlation functions may be made in substantial agreement with experiment. This line of thought was originated by Kolmogoroff (1941) , independently by von Weizsacker (1948) and Onsager (1945) , and developed by Heisenberg (1948) , Batchelor and the author (Batchelor & Townsend 1947 and Batchelor 1947, 1948) . The full application of the theory has only been possible in the special case of uniform flow, but, if only eddies small compared with the dimensions of the mean flow system are considered, it is expected th at the theory will be equally valid for steady shear flow. This has recently been confirmed, and a considerable simplification of the problem of turbulent shear flow has resulted (Townsend 1948 a) . I t is still true, however, th at many of the properties of shear flow are associated with the large eddies not included in the theory, and a series of measurements has been made with the purpose of measuring the turbulent transfer of energy and momentum in the wake of a circular cylinder. To interpret the results of these experiments, it has been necessary to modify very considerably the existing notion of the structure of a turbulent wake, and an attem pt has been made to provide a self-consistent description of the wake capable of representing all the known properties. As yet, this description is very empirical and most qualitative, but it is believed to represent the main features of wake motion.
N o tatio n
Consider the wake of a circular cylinder of diameter d, placed in an air-stream of velocity U0. Then establish a co-ordinate system with origin on the axis of the cylinder, Ox parallel to the direction of U0, Oz along the axis of the cylinder, and Oy at right angles to U0 and to the cylinder axis. In the usual notation, the components of mean velocity at any point are U, V, 0, and the instantaneous velocity com ponents are U+u, V + v, w.The instantaneous pressure fluctuation from th value is denoted by p.
Air density is denoted by p, and kinematic viscosity by v.
All mean values are taken with respect to time a t a fixed point.
T h e o r y o f w a k e f l o w
Using only the equations of motion of a viscous fluid w ithout any further assump tions, comparatively few deductions may be made concerning the motion in a tu r bulent wake. Two distinct assumptions are always used to simplify the problem:
(a) th a t the transverse mean velocity component V is always small compared with the stream velocity U0, equivalent to the usual approximations of boundarylayer theory;
(b) th a t the wake structure is similar a t all distances down-stream from the cylinder, i.e. th a t the mean value of any quantity may be represented as a nondimensional function of the co-ordinates, a local velocity which is a function of x only, and a local scale also a function of x only.
For example, the mean velocity is of the form
There can be little argum ent over the accuracy of the first assumption, a t least a t positions not too close to the cylinder, but, by itself, it does not go very far. The equation of mean motion becomes
and the equation for the conservation of kinetic energy m ay be simplified to where the mean energy dissipation is
Making use of the confirmed existence of local isotropy in the turbulent wake, this expression for the mean energy dissipation may be reduced to , T = ieH 1 ) 2 (Townsend 1948 a) .
The second assumption depends on the notion th a t, after a sufficiently long time, the processes of the wake will settle down to a statistical equilibrium in which the velocity pattern is self-perpetuating, merely changing scale and intensity w ith lapse of time. I t is w orth noticing th a t a similar assumption has been successful in the decay of isotropic turbulence, b u t th a t very large eddies m ust be excluded from the similarity hypothesis, and it is not impossible th a t application of the similarity principle to the wake m ay be similarly restricted. In recent observations (Townsend 1947 a) , it has been shown th a t complete similarity does not exist in the wake if xjd is less th an 1000, and, in the present work, no use has been made of the principle.
The hypothesis may still be useful for the reduction of results, and results derived from it by dimensional reasoning have approximate validity over not too wide ranges of xjd. These results may be summarized as follows: (a) the wake scale varies as (x-z0)*, and (6) the typical velocity varies as where x0 is the virtual origin of the wake.
Further progress may only be made by making additional assumptions about the physical nature of the turbulent movements. The most popular assumptions are those used in the various forms of the mixing length theory, which all suppose the scale of the turbulence to be small compared with the wake width, and the eddy diffusion time to be short compared with the time necessary for appreciable develop ment of the wake. I t will be shown th at neither of these propositions is true, and consequently detailed confirmation of the theory is not possible, and the theories can only be applied to the deduction of integral properties such as mean velocity and temperature distributions. Briefly, the theory states that, if is a transferable property, then the mean rate of transport of M is
where k = vxl is the eddy diffusion coefficient, l is the 'mixing length', vx is the mixing velocity, and m is the instantaneous fluctuation of M from the local mean. Reasonable assumptions are then made regarding the variation of vx and l, usually relating vt and l by
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and then assuming th at l is a constant over the wake. The time taken tary diffusion process is then and, in a typical wake, has a minimum value of nearly x/U0, i.e. an elementary diffusion process takes a t least as long as the mean stream takes to travel from the cylinder to the point of observation. Substituting experimental values of turbulent velocity and scale for the values predicted by the mixing length theory hardly affects the result, and so the second of the basic assumptions of mixing length theory is completely unjustified. The mixing length l is commonly one-fifth of the half-width of the wake, and in this respect the theory is also at fault, though not nearly to the same extent.
I t is also possible to assume k a constant, but predictions of the mean velocity distribution are not consistent with experiment near the edge of the wake, though the agreement over the central portion of the wake is reasonable. The use of a diffusion coefficient, constant or not, can only be justified if the scale of the turbulent motions responsible for diffusion is small compared with the wake width in order that local mean conditions may be adequately described by the gradient dM/dy. Hu (1944) has attempted to apply the statistical theory of turbulence to the problem, employing the methods of Chou (1945) , who by making suitable assump tions has obtained explicit solutions. Many of the assumptions are perfectly reason able, and, indeed, several have been confirmed experimentally in this laboratory, but, as will be seen below, the assumption of a constant energy-diffusion coefficient is almost certainly incorrect. I t is not surprising then th a t predictions of the dis tribution of turbulent intensity in the wake have been inaccurate, and a t present it seems unlikely th a t the statistical theory unaided can solve the problem.
•Ex p e r im e n t a l d e t a il s All the measurements described were made in the wake of a circular cylinder, 0-953 cm. diameter, placed in an air-stream of velocity 1280cm.sec.-1. A t the average tem perature of the experiments, the cylinder Reynolds num ber was U0djv -8130. The air-stream was th a t of the small wind-tunnel in the Cavendish Laboratory, in which the free tunnel turbulence is J u 2/U0 = 0-0006, v2/U0 = w2/U0 = 0-0015 (Batchelor & Townsend 1947) .
Mean velocities in the wake were measured w ith a small total-head tube, 1 mm. outside diameter, and the turbulence levels were sufficiently low th a t no correction to the total-head reading was necessary.
The basic measuring instrum ent for turbulence is the hot-wire anemometer, used in the single-wire form for the observation of down-stream fluctuations, and in both the F-and X-wire forms for the observation of cross-stream fluctuations. The X-wire is more compact and less liable to systematic error, b u t results obtained with it were nearly identical with results from a F-form wire. By means of a simple double W heatstone bridge, it is possible to obtain simultaneously from a F-or X-wire independent electric signals proportional to the instantaneous values of the down-and cross-stream fluctuations, which are necessary for the measurements of the velocity products uv and u2v. Calibration of such wires was carried them in the uniform mean flow behind a biplane grid, where the turbulent motion is known to possess ordinary isotropy. N ot only can the sensitivity of a wire be measured in this way, b u t also it is possible to determine the directional character istics, information necessary for the correct interpretation of the results, particularly for measurements of the velocity product
The results were obtained from three traverses of the wake, a t distances of respectively 80, 120 and 160 diameters down-stream from the cylinder. Measure ments were made of the following quantities: where u(t), v(t), w(t) are velocity components a t a fixed point a t time t.
To give a detailed account of the procedures for measuring the various quantities and the necessary electrical circuits would occupy considerable space, and the fundamental circuits have already been described (Townsend 19476) . The push-pull capacitance-compensated amplifiers are identical with those previously used, but the circuit for the measurement of triple-velocity products differs from the earlier version in detail but not in essentials. Briefly, the original squaring circuit is used to form an electric signal proportional to the instantaneous square of an input ev and to this 'squared' signal may be added the second input e2. Since the amplifier does not pass a steady signal, the resultant is proportional to (ef-ef+ ae2), where a is an instrumental constant. The mean square of this signal is then measured with a vacuum thermo-junction and a millivoltmeter, giving a deflexion proportional to [ef -ef + ae2]2 = e f -(ef)2 + 2aef e2 + a 2ef.
Then by suitable arrangements and reversals of the inputs, it is possible to measure the quantities ^ ^ -» To calibrate the circuits, a standard wave-form is necessary, and both a pure sinewave and the composite form (^2 cos p i+ cos 2 were used to provide independent calibrations. The accuracy of the observations varies considerably, from 1 to 2 % in simple intensity measurements to nearer 5 % in some measurements of triple products In general, the results are reduced to non-dimensional form by use of the mean stream velocity U0 and the cylinder diameter d.
From the measurements, it is obvious that the wake structure has not reached the dynamic equilibrium required by the similarity hypothesis, i.e. the dimensionless functions describing the wake motion are not independent of In spite of this, it is thought that the results at x/d =160 are fairly typical of conditions in the region of dynamical similarity that is presumably being approached, and therefore these results would be more appropriate for comparison with theoretical predictions. The similarity hypothesis has not been used in the analysis of the results.
I n t e r m it t e n c y o f t u r b u l e n t f l o w i n t h e w a k e
Even the most casual observation of oscillographic records of the turbulent fluctuations shows th at, except dose td the wake centre, the flow a t any point is only fully turbulent for a fraction, y, of the total time of observation, and th a t y decreases with distance from the wake centre. (A similar result was obtained by Corrsin (1943) in a study of a turbulent jet.) y is most readily calculated from measurements of the flattening factors, by assuming th a t the flattening factors taken only during periods of turbulent flow are identical with those observed in wholly turbulent flow, in particular in isotropic turbulence where experiment has shown th a t 130 A. A. Townsend = 3*0 (u2)2/u* = 3,0(v2)2/v4 = 3-0 The assumption is justified by the consistency of values of y measured in this way (figure 1). I t is also a prediction of the theory of local isotropy, valid when statistical equilibrium for small eddies exists, th a t the flattening factors of du/dx, dv/dx, dw/dx should be absolute constants, and consequently th a t the first three expressions, for y should give the same result. I t m ay be noted th a t, a t the extreme edge of the wake, values of y calculated from the flattening factors of u, v and w are systematically larger th an the others. This is due to the dom inant role of large eddies in this region, and the result is perfectly consistent with the postulated structure.
I t is concluded th a t there are regions of fully developed turbulent flow in which statistical equilibrium for small eddies and local isotropy have been established, separated by regions of nearly purely laminar motion. I t is reasonable to suppose th a t the interm ittency of turbulent flow is due to jets or outflows of turbulent fluid from the inner core of fully turbulent fluid, and th a t the shape of the outflows and their statistical distribution in space together determine the variation of y across the wake. T hat is, the diminution of y toward the edge of the wake is due in p a rt to the mean w idth of the jets being less there, and in p art to the lower probability th a t a jet should penetrate so far from the central core. A hot-wire placed outside the central core then only records turbulence while one of these jets is being swept past it. In figure 2, an attem pt is made to represent schematically an instantaneous section of the wake, and plate 246 in Goldstein's Modern developments in fluid dynamics, an instantaneous photograph of a smoke jet, resembles closely the type of motion th a t is envisaged. Development of existing jets and initiation of new ones m ust proceed continuously in order th a t the observed spread of the wake should be possible. I t m ust be emphasized th a t the interm ittency is not confined to the extreme edge of the wake, bu t is appreciable even closer to the wake centre th an the region of maximum shear, and th a t the only reasonable conclusion is th a t inter m ittency is not a secondary phenomenon, but plays an essential p art in the motion and development of the wake. fully developed je t instantaneous boundary of turbulent fluid ^ -i " ' region of intermittent/ jet developing^ ^ ^ \ extreme limit of turbulent motion and of mean velocity variation F igure 2. Section of hypothetical wake structure.
S t r u c t u r e o f t h e w a k e
L et us now consider the experimental results in turn, and use them to derive in formation about the detailed properties of these jets of turbulent fluid. In the first place, the velocity product uv, representing the Reynolds shear stress, has been measured, and, w ith the observed distribution of mean velocity across the wake, the effective eddy viscosity e and the experimental mixing length l m ay be cal culated, using the definitions -du uv = -e-^-, e = dy Experim entally, l is found to be fairly small, approximately 0-07 of the half-width of the mean velocity wake (figure 3), and does not vary greatly over the w idth of the wake. The small size of l is interpreted as evidence th a t momentum transfer in the wake is carried out by comparatively small eddies. More significantly, e/y is not far from constant over the greater p a rt of the wake (figure 4), b u t this will be discussed later.
The product uv m ay be regarded as the rate of transport of momentum mass), and similarly the rate of transport of turbulent energy is
and, in principle, it is possible to calculate an energy diffusion coefficient analogous with e, by use of the defining equation __ _ __ 0 _ _ _ u2v + vz 4-v w2 = -W hen this is attem pted (figure 5), no simple behaviour is found either for or for the corresponding mixing length. Negative values occur near the wake centre, and, even where the turbulence gradient is fairly uniform, £ remains large compared w ithe, and decreases rapidly with distance from the wake centre. It must be concluded that the use of a diffusion coefficient to describe the transport of turbulent energy is not justified, and that energy diffusion is a process independent of momentum diffusion.
To remove this difficulty, it is not sufficient to consider the effects of intermittency. If the intermittency factor is known, then the mean intensity in the turbulent regions is , t t 2 + V2 + M> 2 h --.
and Ij is found to vary only slightly over the greater part of the wake (figure 6). So a considerable transport of energy i.3 found in the almost complete absence of a real intensity gradient, and it is difficult to see how energy flow can take place by turbulent movements inside the jets. For the transport mechanism, there is only left the bulk movement of the jets, which is naturally outwards and away from the wake centre. The compensating inflow will consist of non-turbulent fluid transporting no turbulent energy. Consequently, the flow of energy is not dependent on the local intensity gradient (if any), but only on the mean jet velocity and the jet turbulent intensity, which in turn are determined by conditions in the turbulent core.
0-008- Algebraically, if the mean jet velocity is then the mean rate of flow of turbulent intensity is
Y may be calculated and the results are given in figure 7. It may be noted th at diffusion is relatively more violent at x/d = 80 where similarity is not even approxi mately valid, but the mean jet velocities are all considerably less than half the local turbulent velocities, and this fits in well with the notion that the jets themselves carry little energy except in the form of turbulence. Moving away from the wake centre, the mean jet velocity increases about parabolically to a maximum quite close to the edge of the wake, and then decreases sharply to zero. Considering again the transport of momentum, two mechanisms are possible in this structure, momentum transport by bulk movement of the jets, or by turbulent motion inside the jets. This distinction is drawn since there must be at least an order of magnitude difference in scale between these motions! that the observed sharp distinction between turbulent and non-turbulent fluid may exist. In view of the difference in character of the distributions and transport rates of turbulent intensity and mean flow momentum, it is tempting to propose that energy transport is solely due to jet movement (as is probably true), and th a t momentum transport is only carried on by turbulent motion in the jets. In support of this hypothesis, it m ay be urged th a t ejy, which may be called the je t eddy viscosity, is nearly constant through out the wake, but a similar result is possible, even if momentum transport is due to the mean je t motion. B etter evidence is provided by measurements of the longi tudinal scale Lu (figure 8). I f the slow jet movements cause momentum diffusion, 
r/u.
then the mixing processes occur rather infrequently, though perhaps in large amounts and large scale variations of downstream velocity would be expected. Experi mentally, Lu is found either to decrease slightly or to remain constant in the region of shear, and it is concluded th at the mixing processes are frequent, and therefore depend on the turbulent motion inside the jets rather than on the mean jet move ments.
The structure under discussion consists of a fully turbulent core which emits jets or billows of turbulent fluid into the undisturbed fluid around it. The jets may be large eddies, carrying with them small eddies in dynamic equilibrium with each other, and observations show their boundaries to be fairly sharp. They are probably caused by local fluctuations either of the local Reynolds stresses or of the pressure, and are both large and slow-moving. The maximum size of the eddies inside the jets is a t least an order of magnitude less than the jet width, and they are responsible for the eddy viscosity, i.e. they are the dominant factor in the transfer of momentum. The mean jet motion must also transport momentum in some quantity, but it seems th at this transport is insufficient to affect the result appreciably. Inside the jets, there is no significant intensity gradient and the transport of kinetic energy is determined by the mean jet motion only, and, since this motion is connected with the largest eddies of the central core, it is probably slow but of considerable range, sufficient to transfer turbulent fluid from the central core to the outermost part of the wake.
T h e e n e r g y b a l a n c e a n d p r e s s u r e pl o w i n t h e w a k e At any point in the wake, the mean turbulent intensity (averaged over a suffi ciently long time interval) is constant, and the gain of turbulent energy by con vection, diffusion, work against Reynolds shear stress and pressure flow equals the loss by viscous dissipation. Making the usual boundary layer approximations and assuming further th at local isotropy exists, the equation for the conservation of energy reduces to
In the course of these experiments, all the terms excepting the pressure term have been measured directly, and the pressure term has then been obtained by difference ( figure 9 ). No particular comment on the general behaviour of the directly measured terms is necessary, but it is interesting that in the region of shear the contribution of the pressure term to the energy balance is comparable with that of the diffusion term. Outside the mean velocity wake, it appears that spread of turbulent motion is almost entirely due to pressure flow, and, in this region, the equation may be simplified further to iE70A («*+^+^) + i^ = °.
The negligible part played by diffusion and dissipation in this region suggests th at the motion approximates closely to a potential flow.
where T is the mean local tem perature, T + and Ta is the ambient temperature. An independent measurement of in this way would be a valuable check on the theory, and will be undertaken shortly.
The je t structure can only be surmised a t present, and many interesting questions remain to be answered. I t is possible th a t useful information m ay be obtained from measurements of quadruple velocity products of the form u\u\> which are technically possible. In this way, more exact information about jet widths and rates of develop m ent could be collected, and a clearer understanding of the details of the motion attained.
